Abstract -This paper uses a dimensionless efficiency factor to compute a figure of merit quantifying the power-handling capability of the uniform, perfectly conducting rhombic waveguide. A new method involving an infinite sum of nonseparable solutions of the Helmholtz equation provides accurate eigenfunctions and eigenvalues for use in the efficiency factor calculation. The power-handling capability of the rhombic waveguide is compared with that of the standard rectangular waveguide and is found to be only slightly lower.
I. INTRODUCTION
T HAS BEEN shown that the power-handling capabil-I ity of any uniform, perfectly conducting waveguide operating in a single lowest-order transverse electric (TE) mode may be computed using a dimensionless efficiency factor [l] . This factor is composed of two parts: (1) a geometric part involving the lowest-order eigenfunction of the waveguide structure and (2) a frequency part involving the two lowest-order eigenvalues or cutoff frequencies. Thus, it is a function of the size and shape of the waveguide cross section only. By maximizing this efficiency factor, we are optimizing the geometry of the cross section for maximum power handling.
The uniform waveguide with a 60"-120" rhombic cross section has been suggested as a possible candidate for maximizing the efficiency factor [l, p. 241 . In order to calculate this factor as accurately as possible, we would like to determine the lowest-order eigenvalues and eigenfunctions exactly. Using the Riemann-Schwarz reflection principle 121 and the eigenfunctions of the equilateral triangular waveguide [31-[6] , it is possible to find some exact mode solutions for the rhombic waveguide, although a complete set of modes is not obtained. In particular, the necessary lowest-order T E mode is not determined in this fashion. Thus, to determine this mode very accurately, we have used a novel infinite series method that incorporates a superposition of nonseparable solutions of the Helmholtz equation [7]-[9] . This series method satisfies the boundary conditions in only an average sense but provides an exact solution of the partial differential equation. Once we have used this method to Manuscript received July 26, 1989;  find the lowest-order eigenfunction, we compute the efficiency factor for the rhombic waveguide and compare it to factors based on other waveguide cross sections, including the 2: 1 rectangular guide. We have found that the efficiency factor of the rhombic waveguide is only slightly below that of the rectangular guide.
In Section 11, we determine the eigenvalues and eigenfunctions that can be found in closed form for the rhombic waveguide. In Section 111, we use an infinite series of solutions to the Helmholtz equation to generate the lowest-order eigenfunction of the rhombic waveguide in analytic form. In Section IV, we present the efficiency factor and compute this figure of merit to indicate the powerhandling capability of rhombic, rectangular, and other waveguides of various cross sections. Section V contains our conclusions. Appendixes I and I1 provide brief derivations of the efficiency factor and the infinite series solution of the Helmholtz equation, respectively.
UNIFORM RHOMBIC WAVEGUIDE
The cross section of the uniform rhombic waveguide is shown in Fig. 1 . It is composed of two equilateral triangles with all sides equal to a . Primarily, we are interested in the TE modes because the power-handling capability of a perfectly conducting waveguide is dependent upon the lowest-order eigenfunction and the two lowest-order eigenvalues. Since the two lowest-order eigenfunctions are always T E for any convex domain [lo], we will not be concerned with the transverse magnetic (TM) modes for this application. Therefore, we must solve (assuming e -l p z e I W I dependence) subject to 
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and n being the outward normal to the walls.
We know that complete sets of modes for the equilateral triangular waveguide have been determined in closed form [3] - [5] . Using the Riemann-Schwarz reflection principle [2] and knowing the solutions in one equilateral triangular section, we may reflect these solutions about the line x = 0 to obtain solutions for the rhombus. The Thus, for TM modes that are subject to Dirichlet boundary conditions, we have but for T E modes that follow Neumann conditions, Thus, some of the TE mode. solutions for the rhombic waveguide in Fig. 1 are given exactly by [3] 
(8b) 
with m , n = 0,1,2, . . . . Equation (8a) gives those modes that are even about the line y = 0, while (8b) gives those that are zero along y = 0. The general formula for the cutoff wavenumbers in (8a) and (8b) is
Equations (8) and (10) give some, not all, of the T E eigenfunctions and eigenvalues of the rhombic waveguide. Using both finite differences and finite elements to check the general formula shown in (lo), we have found T E modes that cannot be obtained from the RiemannSchwarz reflection principle. In particular, while the second lowest-order eigenfunction and eigenvalue (rn = 0, n = 1) are known exactly, the lowest eigenfunction and value are not. Consider the T E mode eigenvalue spectrum of the rhombic waveguide for the first few modes given in Table I . Exact answers are known for only about half of the rhombic guide eigenvalues and eigenfunctions. The lower bounds in Table I were generated by finite differences, the upper bounds by finite elements [131, and the exact answers (when known) by (10). We notice that when exact answers are available. the lower bounds are closer to the exact answers in every case, i.e., less than 1% error. This leads to the conclusion that 7.154 is closer to the true lowest-order eigenvalue than the upper bound, 7.243, and we will see from the results of Section 111 that this is indeed true.
LOWEST-ORDER EIGENFUNCTION
It is necessary to obtain the most accurate lowest-order eigenfunction and eigenvalue possible to achieve the most accurate calculation of the rhombic waveguide's powerhandling capability. Both finite elements and finite differences have been used to bound the lowest eigenvalue, but it is possible to get even closer. Let u(x, y ) be the lowestorder eigenfunction of the rhombic waveguide. We can expand any function that is a solution of the Helmholtz equation in a power series in two variables. Without detail (see [111 and Appendix IO, we can recombine the terms of the power series by eliminating all y derivatives of order 2 or greater and obtain a form for u(x, y ) :
where each h,,(x, y ) individually satisfies the Helmholtz equation. It is interesting that the h,,(x, y ) functions may be determined in two different ways. In the first way, they may be constructed using rather tedious algebraic relationships between the original power series coefficients (see Appendix 11). In the second, they may be generated directly using the symmetry operators of the two-dimensional Helmholtz equation [12] on an initial solution. Thus, from the second method, we see that (11) is an infinite series of nonseparable solutions of the Helmholtz equation, the h , , ( x , y ) , with the U , , as constant coefficients that must satisfy the boundary conditions. The eigenfunction u(x, y ) can be closely approximated by where L is the waveguide cross section boundary.
Using the above method, we have constructed a lowest-order eigenfunction that is an exact solution of the Helmholtz equation and that satisfies boundary conditions (2) and (3) Equation (15) satisfies (1) exactly provided that
The constant coefficients were computed using a truncation value for the series 4E of N = 20. The simple form of (15) results from the fact that the higher order terms of the series possess coefficients that are all very close to 0. In Fig. 2 , we show that by increasing N from 2 to 7, the series in (12) is truly converging to the rhombic boundary. In this figure we show the boundary resulting from the N = 2 approximation (solid line). This is already very close to the actual rhombic boundary except for the rounding at the corners and the slight curvature of the sides. The solution for H, in (15) satisfies this boundary exactly. As we proceed to N = 5 (dotted line), the horizontal corners begin to sharpen and the vertical corners also begin to pull in. The boundary lines look straight instead of slightly curved. At N = 7 (dashed line), all four corners look fairly sharp and the boundary lines are straight. By the time N = 20 is reached, the difference in (13) (i.e., E ) is so close to 0 as to be negligible (less than 0.2%). contour plot of H , in (15). It is 0 along the y axis, as expected.
It is possible to compute the other eigenvalues of the rhombic domain using (14). Fig. 4 shows a plot of the L , norm in (14) versus eigenparameter. Wherever there is a local minimum in the norm, we have an eigenvalue. Fig. 4 shows the four lowest eigenvalues of the rhombic waveguide. By comparing Fig. 4 and Table I , we see that the values from Fig. 4 in all instances fall between the upper and lower bounds in the table. Where comparison with an exact answer was possible, the error in the eigenvalues from this series method was less than 0.2%.
IV. EFFICIENCY FACTOR AND POWER-HANDLING CAPABILITY
Now the efficiency factor can be written in the form (see [l, p. 121, and Appendix I) where A,, and + & x , y ) are the lowest-order T E mode cutoff wavelength and eigenfunction, respectively, A is the next higher order mode (or modes) cutoff wavelength, S is the waveguide cross section, and By maximizing the efficiency factor, we optimize the size and shape of the waveguide cross section for maximum power handling.
Using (15) and the two lowest-order eigenvalues in Fig.  4 , we can compute 77 very accurately. We have done this not only for the rhombic waveguide, but also for a number of other cross sections. The results are shown in Table 11 . The efficiency of the rhombic waveguide is slightly less than that of the rectangular (2: 1) guide, but greater than that of the other cross sections.
V. CONCLUSIONS
A dimensionless efficiency factor has been used as a figure of merit to quantify the power-handling capability of a rhombic waveguide. The lowest-order transverse electric eigenfunction and eigenvalues of the rhombic guide were determined using a new series method involving an infinite sum of nonseparable solutions with constant coefficients. Other eigenfunctions were determined from the equilateral triangular waveguide via the Riemann-Schwarz reflection principle. The power-handling capability of the rhombic guide was found to be slightly less than that of a standard rectangular waveguide, but greater than that of a number of other geometries.
APPENDIX I
The purpose of this appendix is to provide a brief derivation of the efficiency factor in (17). For a single nondegenerate propagating T E mode, the peak transmitted power is given by where S is the waveguide cross section and when the notation and method in [l] and [14] are used.
We define where +/,,p satisfies
and is the z-directed component of a magnetic Hertz potential,
Here k is the free-space propagation constant, Z,, is the free-space impedance, k/,,g are the cutoff wavenumbers, V, refers to the transverse del operator in Cartesian
The maximum electric field magnitude in the waveor using the fact that 
(A61
We define a power density normalized to the free-space impedance by
Of course, +,,,, in (A16) and H, in (15) are proportional.
Using I(') in (All) and (A16) and noting that if the lowest-order mode is degenerate as in the circular and equilateral triangular waveguides so that k,, = k , , l(') is 0 and thus 77 is 0 also. The derivation of the efficiency factor is based on single-mode propagation only.
(A7)
P --.
Dividing the maximum transmitted power by the power density above gives an effective waveguide area:
The purpose of this appendix is to derive the nonstandard series form of the solution to the Helmholtz equa- ( p = 0 refers to the lowest-order T E mode). Up to this point, we have assumed that the guide operating frequency for single-mode propagation is k,, < k < k , (A9) where k,, is the wavenumber of the lowest mode and k , is that of the next higher mode. To maximize the factor, we take the limit as k --* k , . Then and and let U be absolutely convergent for A,=k,.
Thus, the efficiency factor is dimensionless and may be writ ten where and we let
for any integers i, j > 0. By substituting (A22) into (A17),
Thus, it is possible to eliminate all y derivatives of order 2 rangement is permissible because of the absolute conver-
The general even term in the higher order y derivatives a general relationship between the uII's is
The multiplier of u 1 I in (A26) is q2"+' x sin Ay ~--x g , ( y ) .
or higher and rearrange the terms in (A17). This reargence in x 2 + y 2 < r2.
This procedure can be continued, finally resulting in (from (A26)) is rearranged to become
Similarly the general odd term becomes . . 2 n + I or using (A24),
and the second triple sum in (A26) becomes
We now collect all terms for which 2k + i = I (integer constant). For example, for I = 0, k = i = 0, and the multi- (A341 This is just (A20), which was to be proved. We introduce a simpler form of (A34) by allowing Thus, we have transformed the standard power series representation in (A17) into an infinite series of separable and nonseparable solutions with constant coefficients, each term of which is individually a solution of the Helmholtz equation.
